When correlations between assets turn positive, multi-asset portfolios can become riskier than single assets. This article presents the estimation of tail risk at very high quantiles using a semiparametric estimator which is particularly suitable for portfolios with a large number of assets. The estimator captures simultaneously the information contained in each individual asset return that composes the portfolio, and the interrelation between assets. Noticeably, the accuracy of the estimates does not deteriorate when the number of assets in the portfolio increases. The implementation is as easy for a large number of assets as it is for a small number. We estimate the probability distribution of large losses for the American stock market considering portfolios with ten, fifty and one hundred assets of stocks with different market capitalization. In either case, the approximation for the portfolio tail risk is very accurate. We compare our results with well known benchmark models.
Introduction
Multi-asset managers hedge risk by investing in assets that ideally have low correlations. Unfortunately through markets integration and financial crises, correlations between assets have become more often positive and stronger. Expressions like "no place to hide" are now commonplace in the finance and investments news. In such environment it is paramount for the multi-asset manager to accurately monitor the tail risk of his portfolio.
The risk of incurring very large losses in a financial position is commonly measured by Value-at-Risk (VaR) or Expected Shortfall (ES). The computation of tail risk measures boils down to the estimation of the probability of observing very large losses. The main challenge presented by this task comes from the fact that large losses are by their own nature scarce.
With few observations it is not trivial to implement successfully statistical methods.
Classical finance theory assumes that asset returns have a multivariate normal distribution.
Yet, the normality assumption leads often to the underestimation of the probability of large losses. As a natural extension, the Student-t distribution allows for heavy-tails which help to overcome the "optimism" of the normal model relating the frequency of large losses. The drawback of the Student-t model is that financial returns are typically asymmetric due to many small gains and few large losses. The Student-t model is symmetric, hence assuming that the distribution of losses and gains have the same shape is often unreasonable. Another well known model is a mixture of normal distributions. We include a mixture of normal distributions as a benchmark model in our study.
In fact, to estimate tail risk we only need a good model for the (long) tail of the distribution of the losses. Extreme Value Theory (EVT) models focus on the tail of the distribution only.
Hence, EVT provides a tailor made methodology to estimate the probability of large losses.
Multi-asset portfolios exist because managers want to take advantage of the interaction between assets. This is important from the modeling point of view. Portfolio losses are the result not only of the individual assets performance but also, and very importantly, from the interaction between assets. This raises the question of the choice between univariate and multivariate models for the tail risk. Multivariate models make use of information from individual assets while univariate models use the information already synthesized in the portfolio returns.
Hence, from the accuracy point of view ideally we would prefer the multivariate approach.
Multivariate EVT models exist. These are parametric models where a dependence structure for the large losses of several assets is imposed. However, since large losses are rare, parameter estimation and specification tests become a serious challenge. Our solution is to use a semiparametric EVT estimator for computing portfolio tail risk. This estimator captures the statistical tail features of each individual asset as well as their interaction, without imposing a specific dependence structure. In addition it can be used with high-dimensional portfolios.
The probability of multi-asset portfolio losses is used in several contexts by managers and analysts as in portfolio selection with downside risk, and in particular for estimating VaR. The advent of modern finance crystalized the need of modeling large losses in multi-asset positions.
The safety-first principle of Roy (1952) constrains portfolio selection on a small probability of large losses. Portfolio selection with downside risk constraints and risk management practice have often used VaR as the risk measure for large losses. Traditionally, these probabilities and risk measures have been computed based on the assumption that asset returns have a multivariate normal distribution. Indeed, if asset returns are assumed to be multivariate normal then closed form solutions can be used for multi-asset portfolio VaR and the calculation of constrained portfolio weights; see for instance Alexander and Baptista (2002) and Alexander and Baptista (2008) . However, risk management with VaR constraints (VaR-RM) leads one to select positions with higher variance. Furthermore, as Basak and Shapiro (2001) show, when losses larger than VaR occur they are larger if VaR-RM is used than if VaR-RM is not used.
All these findings argue for good models and estimators for the tail of the loss distribution.
Assuming a multivariate normal distribution for asset price returns implies that, asymptotically, large losses of individual assets occur independently. In contrast, especially in periods of crisis, we observe that several financial assets can suffer simultaneously dramatic losses. The fact that financial data often does not support the hypothesis of a normal distribution for asset returns suggests the use of a more appropriate model. The problem with using an alternative approach is that closed forms for VaR or ES are not known for most probability distributions.
One possible alternative is to use Tchebychev's inequality to approximate the tail of a portfolio distribution. But Arzac and Bawa (1977) , for instance, found that this inequality produces poor approximations. As a response, Arzac and Bawa (1977) use a nonparametric model for the asset returns distribution. Later, Gourieroux et al. (2000) also model the portfolio returns distribution using a nonparametric model. However, there is no need to model the entire distribution in order to obtain the probability of large losses. It is sufficient to model the tail of the distribution. EVT was developed specifically for modeling large events. Hence, EVT provides a set of tools appropriate to model the probability of portfolio large losses.
EVT has been used in finance mainly with univariate models. Univariate EVT models have been used in different settings by numerous authors. For instance, Jansen et al. (2000) , Longin (2000) , and McNeil and Frey (2000) compute portfolio VaR by modeling the portfolio returns with univariate EVT. Susmel (2001) implements portfolio selection with safety first using univariate EVT to model the portfolio large losses. Zhang and Shinki (2007) use univariate EVT to model high frequency asset returns. Brooks et al. (2005) use univariate EVT models and compares them with other approaches to model large return losses.
Although the use of univariate EVT models can result in an important loss of information, multivariate EVT models are far less used in finance. Hyung and de Vries (2007) reduce the multivariate problem to the univariate case by modeling the asset returns with a one factor model and modeling the (independent) idiosyncratic component of the tail risk with an EVT model. Longin (2000) computes the VaR of multivariate positions using a decomposition into a set of risk factors. He models the extreme dependence of risk factors as a linear combination of the dependence function of total dependence and asymptotic dependence. Daul et al. (2003) use the grouped t-copula to capture the risk in a large set of risk factors in an application to credit risk. Other authors, as Ang and Chen (2002) , capture the multivariate structure by modeling correlations with regime switching models. Specifically, Tsafack and Garcia (2011) use an EVT copula in a regime-switching copula model to capture the joint extreme behavior of asset returns. Multivariate EVT models are also implemented by Longin and Solnik (2001) and by Poon et al. (2004) . In these articles the logistic function is used to model the dependence of extreme asset returns. These models are completely parametric and the estimation of their parameters is usually difficult due to the lack of historical (extreme) observations.
In this article we estimate the tail risk of multi-asset portfolios using a semiparametric EVT approach. We use an estimator which assumes a parametric EVT specification for the univariate asset tail risk combined with a nonparametric estimator for the dependence structure of the portfolio large losses. This reduces the problem of model misspecification, increasing the accuracy of the results compared with fully parametric models. Another advantage of the methodology is that the estimation of the portfolio tail risk does not become more difficult as the number of assets in the portfolio increases.
To the best of our knowledge this method has not been used before in tail risk estimation.
The contribution of this article has two aspects. The estimation of the tail of the distribution of the portfolio large losses, and the specific estimation of the portfolio tail risk using VaR as a measure of risk.
We estimate the tail of three equity portfolios. The first portfolio has ten assets, the second portfolio has fifty assets and the third portfolio has one hundred assets. We compare the performance of the semiparametric estimator with the performances of a mixture of normal distributions, and of a Student-t model. For the three portfolios described above we estimate tail risk with VaR computed at several levels of confidence. The accuracy of the tail risk estimates is inspected using a backtesting procedure. This paper is organized as follows. Section 2 summarises the theoretical foundation of the semiparametric estimator for tail risk. Section 3 describes the statistical estimation methodology. In Section 4 we estimate the distribution of large losses of the three equity portfolios, and the portfolios tail risk. Section 5 concludes this article.
The semiparametric estimator for portfolio large losses
Very large movements of asset prices, although often implying financial distress, do not occur frequently. Modeling rare losses is a challenging task from the statistical point of view. The natural tool to quantifying risk in positions involving assets subject to rare events is EVT.
Here we focus on quantifying risk of portfolios with possibly a large number of assets.
EVT provides a model for the multivariate distribution of the maximum return 1 observed for each asset over a period of time. We denote by R = (R 1 , R 2 , . . . , R d ) the random vector representing the one period loss returns of d assets. A main result in extreme value theory is that for the distributions commonly used for financial returns, there is a limit distribution for the componentwise maxima. In the following we summarize this result and show how to use consequent results in quantifying multi-asset portfolio large losses.
Let R t , t = 1, 2, . . . , n denote the vector of d asset returns in period t. If the random vectors R 1 , R 2 , . . . , R n are independent and identically distributed, drawn from a distribution F R , then the distribution of the componentwise maxima is the power F n R (x). This distribution is usually unknown. To overcome this problem, extreme value theory derives the limit distribution of F n R (x) when n goes to infinity, resembling the approach used for deriving the Central Limit Theorem (CLT). Like with the CLT case, the componentwise maxima have to be standardized in order to have a non-degenerate limit distribution. We denote byR n the vector of standardized 1 Often we are interested in modeling the minimum return but this is equivalent to modeling the maximum loss. Hence the results presented for the maximum can be used for the minimum return.
componentwise maxima, so that,
where a and b are vectors of scale and location coefficients depending on n. 2
From extreme value theory (see de Haan and Resnick (1977) ) there is a non-degenerate limit distribution G(x) for the normalized maxima, the so called extreme value distribution, such that
This implies convergence for the marginal distributions, in particular, that each univariate
has an extreme value distribution. In fact, there are normalizing constants a j > 0 and b j ∈ R such that each univariate marginal distribution is of the form
for 1 + γ j (x − b j )/a j > 0 and where γ j ∈ R is the shape parameter.
Let G be a univariate extreme value distribution. If γ < 0 then G is a Weibull distribution, if γ = 0 then G is a Gumbel distribution and if γ > 0 then G is a (heavy tailed) Fréchet distribution (see Gnedenko (1943) ). In the last case where γ > 0 the shape parameter γ is known as the tail index.
Any multivariate parametric approach to estimate the probability of a loss requires a model for the distribution of the vector of returns R. A multivariate model for R allows us to estimate the probability of events which are a function f (R) of these returns. In our case, we want to estimate the probability of a portfolio large loss. Hence, the function f : R d → R is the average of the individual asset returns weighted by the proportion of each asset in the portfolio. We want to estimate the probability that a portfolio loss is larger than a given target threshold L.
This means, in terms of our notation, that we want to estimate
There are several possible scenarios (in terms of individual asset returns) for which the portfolio will suffer a loss larger than the given target. We denote by C this set of possible multivariate returns, C ⊆ R d , implying a portfolio loss larger than L. This means that estimating the probability P (f (R) > L) is equivalent to estimating P (R ∈ C) where C contains all the possible joint returns
Given its nature, of being rare, usually there are few observations of portfolio large losses in the past returns. As a consequence often few observations fall in the set C. This fact prevents the use of statistical estimation methodologies whose performance relies on the existence of a considerable number of observations. The following result from extreme value theory is key for overcoming this problem.
If G is an extreme value distribution as in (2) 
provided that A is bounded away from the origin. The measure ν is called the exponent measure. The scaling property of the exponent measure, given by (4), is very useful to estimate the probability of observing a portfolio large loss. We first explain the main intuition and then we describe the method in detail.
The set C, of which we want to estimate the probability, typically is not close to the centre of the returns distribution and rather far in the tail. But if we divide every point in C by a constant (appropriately determined as explained in the following), we obtain another set which is much closer to the centre of mass of the distribution where many observations exist.
As a consequence we can estimate the probability of this set which is closer to the centre of the support of the distribution using standard statistical methods. Finally, given the scaling property in equation (4), we know that the probability of the set far in the tail is given by the probability of the set closer to the centre of the distribution divided by the constant c. The method is explained in more detail in the following.
To apply the scaling property (4) we must first rescale the univariate margins using the normalizing constants and the shape parameters defined in equation (3). Accordingly, the original returns R are transformed into the pseudo-return vectorsR,
To estimate the probability of events on the space of the pseudo-returns in terms of the measure ν, we use a result from de Haan and Resnick (1977) .
away from the origin and such that ν(∂A) = 0. For a given k such that 0 < k ≤ n, we have
as n → ∞, k → ∞ and k/n → 0. The probability P (R ∈ A) above depends on n becauseR uses a and b which depend on n by (1). k is the number of observations, depending upon n, which are large enough to be considered in the tail of the distribution. The question of how to choose k for a given sample is addressed in the next section within the estimation methodology.
Using (6), the probability of having joint returns in a set C implying losses larger than a target large loss L, can be obtained by writing C as a transformation of a measurable set
where c is a positive scaling constant as in (4).
As noted before, as the set C corresponds to very large portfolio losses there are typically very few, if any, observations in this set. This scarcity of observations in C translates into the same lack of observations in its transformed set cA which invalidates the use of an empirical estimator for ν(cA). But the normalizing transformation (5) shifts the return vectors towards the point 1. Hence, if we impose the requirement that the point 1 belongs to the boundary of A then the set A will have enough observations to allow the estimation of ν(A). This defines the constant c.
Finally, given that 1 is on the boundary of A, we have that the probability of having an observation in the set C, and consequently a portfolio large loss, is
The scaling property (4) is the key for the estimation of the probability of portfolio losses possibly never observed before. Result (8) shows how to obtain the probability of rare events depending on the returns of several assets.
Portfolio large losses: estimation methodology
In order to use expression (8) to estimate the probability of a portfolio large loss originated by a realization of a joint asset return in C, we need to obtain estimates for c, k, A and ν(·) (the value of n is the sample size). Estimation methods for these unknowns are addressed in this section.
To perform the transformation of the margins of the individual asset returns we need to estimate the shape parameter γ, and the location and scale parameters, a and b respectively.
Consider the random sample of size n of univariate asset returns, R 1 , R 2 , . . . , R n . The order statistics are defined by the ordered sample returns denoted as
The random variable R (k) is called the kth upper order statistic.
The shape parameter (tail index if γ > 0)
Define the function,
for r = 1, 2. The so called moment estimator of the shape parameter γ (Dekkers et al. (1989) ), is given byγ
This is a consistent estimator of the shape parameter. Under an additional technical condition (see Dekkers et al. (1989) ) we have that if γ ≥ 0 then √ k(γ − γ) has asymptotically a normal distribution with mean zero and variance 1 + γ 2 . For the case γ < 0 the distribution of the statisticγ is also known and can be found in Dekkers et al. (1989) ). In our empirical study we only need the distribution ofγ for γ ≥ 0. All the estimates of the shape parameter are significantly larger than zero.
We use the moment estimator for the shape parameter because we do not know beforehand if all portfolio components have a heavy-tail. The moment estimator is appropriate in this case because it can be used whether γ > 0 or 3 γ ≤ 0.
The normalizing constants
To estimate the normalizing constants a and b, the parameters of the univariate extreme value distribution given in (3), we use estimators studied by Dekkers et al. (1989) . Define the
, then estimators for a and b arê
respectively.
The exponent measure
In order to estimate the exponent measure ν(·) first we transform the multivariate returns
. . , R n according to (5). However, as the true values of the normalizing constants and of the shape parameter are not known we have to use their estimators. Consequently, we obtain the estimates of the normalized returns, which we denote byR 1 ,R 2 , . . . ,R n , aŝ
for t = 1, 2, . . . , n.
We estimate the exponent measure ν(·) using the nonparametric estimator suggested by de Haan and Resnick (1993) ,ν
where I denotes the indicator function. Recall that the tail of the distribution of each individual asset is assumed to have a parametric distribution given by (3). However, the estimation of the extremal dependence structure using (12) does not assume any particular parametric form.
It becomes clear at this point why this approach to the estimation of portfolio large losses is semiparametric. We do not have to assume any parametric model for the dependence structure of large losses. The fact that the semiparametric estimator does not suffer from the curse of dimensionality is also clear now from equation (12). It is as easy to implement equation (12) in low dimension as in high dimension.
The scaling constant c and the set A
To estimate the probability of a portfolio large loss using (8) we need to estimate the scaling constant c and the set A. We have to impose a condition in order to have c and A uniquely defined. We want A to be such that we can use the nonparametric estimatorν(·). Hence, A should contain pseudo-observationsR. That happens if we impose the requirement that the point 1 is on the boundary of A (Dekkers et al. (1989) ), given thatR are obtained using the standardization (11).
Recall that we define the set C, for some target portfolio large loss L, using the function
Each point R in the set C can be written as the transform of a pointR by the inverse mapping of (11),
At this point we assume that the function f is defined for the case when all returns take the same value. This assumption should not be restrictive in practice. Hence, there exists a value
x such that R = (x, x, . . . , x) is solution of the equation f (R) = L which is equivalent to the existence of a value c such that c.1 is a solution of the equation
If c is the solution of this equation, then the point 1 is on the boundary of A. Since we have only estimates of a, b and γ we actually obtain an estimateĉ of c as solution of (13).
Finally, from (7) we defineÂ
andp
is the estimator of P (R ∈ C), the probability of a portfolio loss larger than L.
The number of upper order statistics k
The choice of the number of upper order statistics k used in the analysis is important. 
Equity portfolio tail risk
We study the performance of the semiparametric estimator in quantifying the tail risk of multiasset portfolios using three equity portfolios having ten, fifty and one hundred components respectively. The data are prices of individual assets from the S&P 500, S&P 400 and S&P 600 stock indices, obtained from Datastream. The list of assets used can be found in the Appendix in Tables 4 and 5 . The portfolios we use are composed of stocks from the three indices in equal proportion. We use data from these three indices in order to include in our study stocks covering a broad range of market capitalization. All the portfolios are equally weighted.
Multi-asset portfolios can be composed of different types of assets as equity, bonds or cash.
We choose to use stocks with different market capitalization in our study because it is known that firms with smaller market capitalization typically have higher returns than firms with larger market capitalization (see Banz (1981) for seminal results). Hence, estimating VaR of portfolios composed by stocks with different market capitalization is a relevant application of the semiparametric estimator. The fact that these indices are representative of the market give our results relevance and reliability. Additionally, this is standardized widely available data, hence our results can be easily replicated.
The data covers the period from December 31, 1999 to January 1, 2014. We estimate the tail of the distribution of the portfolio losses using the semiparametric estimator, and compare it with a Student-t and a mixture of four normal distributions. A review of the relevant properties and results on using a mixture of normal distributions to model the unconditional distribution of asset returns can be found in Haas et al. (2004) and references therein. We compute the VaR for the ten, fifty and one hundred component portfolios, at the levels of 99%, 97.5%, 95%
and 90%. Table 1 presents summary statistics of the daily logarithmic returns for each portfolio, and for subportfolios of assets from the S&P 600, S&P 400 and S&P 500. We refer to the subportfolios of assets from the S&P 600, S&P 400 and S&P 500 as small cap, mid cap, and large cap respectively. The average return is close to zero and tends to decrease with market capitalization. All portfolio components reveal asymmetry having negative sample skewness. The excess kurtosis is very large consistently across all market capitalization components with a tendency to increase with market capitalization. These two statistics suggest that normality would not be a reasonable assumption for the distribution of the tail of the returns distribution. As it is usual in financial returns, the minimum (losses) is often larger than the maximum in absolute value. Notes: Summary statistics of the daily returns on the ten, fifty and one hundred asset portfolios from small to large market capitalization stocks. The data covers the period from December 31, 1999 to January 1, 2014. In general, returns on low market capitalization stocks have higher mean, and returns on larger market capitalization stocks have higher kurtosis. The semiparametric estimator relies on the assumption that the multivariate limit distribution of the portfolio returns is an extreme value distribution with heavy tailed margins or equivalently that each margin has a positive shape parameter. At first this might seem a restrictive assumption for using the semiparametric estimator. We estimate the shape parameter It is interesting to note that although the estimates for the kurtosis tend to increase with market capitalization (see Table 1 ), the estimates of the tail index for losses do not reveal a definite trend. This seems to be an interesting observation if we associate the tail index of losses with risk. On the one hand stocks with small market capitalization typically have higher returns. On the other hand, they do not reveal higher tail risk. It might be interesting to pursue research on this relation between return and tail risk.
Empirical results

Probability of portfolio large losses
We use the estimator given by equation (15) to obtain values for the probability of portfolio large losses for the three portfolios with ten, fifty and one hundred assets. For each portfolio we compute estimates for values of losses above the empirical 90% quantile. Hence, we estimate the 10% tail of the returns distribution for each portfolio. The results obtained are plotted (in loglog scale) in Figures 1, 2 , and 3. The estimated tail probabilities are plotted together with the (survival) empirical distribution. The plot only shows values above the empirical 90% quantile.
The results are very good. The estimates produced by the semiparametric estimator are very close to the empirical distribution up the highest quantiles. A very important observation is that the estimator perfectly captures the heaviness of the tail of the returns distribution by slightly overestimating the probability of large losses. This is in line with the conservative approach necessary in risk management and advocated by the regulators. This excellent result is consistently observed for the portfolio with ten, fifty and one hundred assets. The theoretical fact that the semiparametric estimator does not suffer from the curse of dimensionality is empirically evidenced here with the estimates obtained. The estimates plotted in Figure 3 for the one hundred asset portfolio are not inferior to the estimates obtained for the portfolios with ten and fifty assets (Figures 1 and 2 ).
In practice, the estimators for tail risk are bounded to be parsimonious and a commonly suggested approach is to estimate tail risk using the univariate portfolio losses avoiding a sometimes unfeasible multivariate modeling. To benchmark our results we estimate the tail probabilities using two univariate models, a mixture of four normal distributions and the Student-t fitted to the univariate portfolio returns. The estimates are plotted in the same Figures 1, 2 , and 3.
As previously reported in the literature, see Haas et al. (2004) for an overview, the mixture of normal distributions provides a reasonably good approximation to the returns distribution.
But given that here we are focussing on the tail of the distribution it is more difficult for the mixture of normals to capture the heaviness of the distribution of large losses. We can see in portfolio 4 − 10 assets
Portfolio returns (log scale) 1−F(x) (log scale) Figure 1 : Observed losses (plotted in log-log scale) on the ten asset portfolio together with mixture normal, Student-t, and semiparametric approximation. Note that the mixture normal fails to model the tail above very high quantiles.
the figures that the mixture of normal distributions in general underestimates the probability of large losses, most severely for quantiles above 99%. The Student-t model gives an approximation much better than the mixture of normals above the 99% quantile but still underestimates the tail probability for all values of losses considered. Note that the difference is read on the vertical axis. The underestimation of tail probabilities, based on empirical past observations, represents a high risk in portfolio management.
portfolio 4 − 50 assets
Portfolio returns (log scale) 1−F(x) (log scale) Figure 2 : Observed losses (plotted in log-log scale) on the fifty asset portfolio together with mixture normal, Student-t, and semiparametric approximation. As for the ten asset portfolio, the Student-t and the mixture normal underestimate the probability of portfolio large losses.
portfolio 4 − 100 assets
Portfolio returns (log scale) 1−F(x) (log scale) Figure 3 : Observed losses (plotted in log-log scale) on the one hundred asset portfolio together with mixture normal, Student-t, and semiparametric approximation. Note that the semiparametric estimates do not deteriorate as the number of assets in the portfolio increases from ten to fity, and then to one hundred.
Semiparametric VaR estimation
In this section we present the empirical estimates of VaR at different confidence levels and corresponding formal backtesting. We use the three portfolios with ten, fifty and one hundred components in the estimation of VaR using the Student-t and the mixture of normals as benchmark models for the semiparametric estimator.
The 100α% VaR is the negative of the quantile of probability 1 − α of the portfolio returns distribution. In most applications α varies between 95% and 99% although in certain cases, as operational risk, the Basel II Accord requires the value of 99.9%. Formally, for a confidence level α ∈ (0, 1), the 100α% VaR for period t + 1, conditional on the information available up to time t, is given by
where R t is the random variable representing the return in period t, and F t represents the information available at time t.
From its definition, the 100α% VaR is given by the inverse of the tail distribution estimated in the previous section at the level 1 − α. The estimates obtained for the 99%, 97.5%, 95%
and 90% VaR are listed in Table 3 . If the estimate for the 100α% VaR is accurate we would expect to observe (1 − α)% of return losses larger than VaR. We call the return losses larger than VaR violations. We report the percentage of violations in Table 3 .
In order to test the accuracy of the estimated VaR values we use the backtesting methodology as in Christoffersen (1998) . The procedure consists of three tests: unconditional coverage, independence, and conditional coverage. These are based on likelihood ratio statistics. The unconditional cover backtest tests the null hypothesis of the number of violations being equal to 1 − α. Apart from being equal to the target level, it is desirable that the VaR violations are spread over time and not that large losses cluster in a small space of time. The independence backtest tests the null hypothesis of the violations being independent. The third backtest, conditional coverage, tests jointly the two previous hypotheses, correct number of violations and independence. We refer to Christoffersen (1998) for detailed formulae.
Because of its relevance for practice we also consider the so-called three color scheme from Basel II 4 . According to this criteria a VaR model is acceptable if it falls in the "green zone", it is disputable if it falls in the "yellow zone" and it is seriously flawed if it belongs to the "red zone". Referring to the results in Table 3 above the 99% quantile this model cannot be used given that it completely fails to model the tail for these high quantile levels (recall Figures 1, 2, and 3) .
According to the Basel criteria the semiparametric model is acceptable in all cases, where it always falls in the "green zone", except one where it falls in the "red zone". The mixture of normals is acceptable in all cases and the Student-t model is acceptable in half of the cases and falls in the "yellow zone" in the other half of the cases.
The p-values for the independence test (LR ind ) are lower. This is expected given that these are models for the unconditional returns distribution. The semiparametric and the mixture of normals perform better than the Student-t model. All the models obtain higher p-values in the independence test at higher quantiles than at lower quantiles. This indicates that clustering affects more the estimation of VaR at lower than at higher quantiles. The fact that the test has higher p-values for higher confidence levels of VaR shows that the semiparametric estimator is particularly suitable to compute probabilities of very large losses.
The conditional coverage test (LR cc ) combines the unconditional coverage and the independence tests. As a consequence, the models have higher p-values at higher confidence levels. This is a consequence of the results from the independence test.
A very important result is that, consistently across all portfolios, the VaR estimates obtained by the semiparametric model do not deteriorate significantly when the number of portfolio components increases from ten to one hundred. We can see that by comparing the percentage of violations, and the p-values for the different tests between the three portfolios. Hence, in situations where it is important to model the interaction between very high losses on different assets, the semiparametric estimator is a parsimonious effective alternative to univariate models.
Conclusion
In this study we estimate the tail risk for multi-asset portfolios. We show that using a semiparametric estimator it is possible to obtain accurate estimates of the probability of very large losses, capturing simultaneously the individual behaviour of assets and the interactions be- tween them. One advantage of this estimation method is that there is no need to specify any dependence structure for the comovements of assets.
Multi-asset portfolio managers include in their portfolios assets which react differently to market conditions. This portfolio diversity implies complex portfolio return distributions, making the estimation of tail risk using univariate models difficult. In addition, univariate models are not enough in applications where it is important to model the individual contribution of each component for the portfolio characteristics. On the other hand, it is very difficult due to its complexity, to build a multivariate model for the intricate dynamics of such portfolios that can be reliably fit. The estimation of multivariate parametric models often calls for Monte
Carlo simulation methods. Because the focus is in rare tail events, it is necessary to use computationally expensive techniques such as importance sampling. The semiparametric approach, as we show in this article, overcomes these problems.
In our study we estimate the tail risk at very high quantiles for equity portfolios. We obtain estimates for the distribution of the losses that are more accurate and conservative than those given by standard univariate approaches. We observe that the quality of the estimates does not worsen when the number of assets in the portfolio increases. To inspect the quality of the semiparametric estimator, we also compute VaR estimates using a mixture of normal An obvious extension of the application done here is to use the semiparametric estimator for computing expected-shortfall. This is an alternative measure of risk that given its additive property might progressively replace VaR. The semiparametric estimator can play an important role in smoothing this transition process.
Further applications of this estimation procedure include: (multi-name) derivatives valuation and hedging; estimation of joint credit defaults which is crucial for the valuation of credit derivatives; valuation of options depending on large market movements.
Our study uncovers a fact relating the risk-return dynamics with possible implications for portfolio selection. On the one hand stocks with small market capitalization typically have higher returns. On the other hand, they do not reveal higher tail risk. It could be interesting to explore this aspect of tail risk-return behaviour. The semiparametric estimator can be a very useful tool in empirical studies pursuing this direction of research. Notes: Summary statistics of the daily returns on fifty of the one hundred assets considered in this study.
The remaining assets are listed in Table 5 . The assets had been randomly drawn from the components of the S&P 500, S&P 400, and S&P 600 in equal proportions. The assets marked with ** are used in the portfolio with fifty assets and the assets marked with * are used in the portfolio with ten assets. The data covers the period from December 31, 1999 to January 1, 2014. Notes: Summary statistics of the daily returns on fifty of the one hundred assets considered in this study.
The remaining assets are listed in Table 4 . The assets had been randomly drawn from the components of the S&P 500, S&P 400, and S&P 600 in equal proportions. The assets marked with ** are used in the portfolio with fifty assets and the assets marked with * are used in the portfolio with ten assets. The data covers the period from December 31, 1999 to January 1, 2014.
